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A Group-theoretical Generalization of Pascal's Triangle 
THOMAS MULLER 
We introduce a class of infinite triangles with rational entries generalizing Pascal's triangle. 
This construction is motivated by a recent investigation concerning the growth behaviour and 
the asymptotics of the number of torsion-free subgroups of finite index in a finitely generated 
virtually free group. We show that 'most' of these triangles enjoy the unimodal property, and 
we discern which triangles have the property that the sum of the reciprocal values of the entries 
in the interior of a row converges to 0. 
1. INTRODUCTION 
The category of graphs which we are going to use is described in [1]. Specifically, a 
graph is a set X with a specified non-empty subset V = V(X), its complement 
E = E(X) = X - V, and two maps to o, t: E - V. The elements of V and E are called 
vertices and edges, respectively. If e is an edge then o(e) and t(e) are the vertices 
incident to e, called origin (initial vertex) and terminus (terminal vertex) of e, 
respectively. There is a natural partial order relation ~ on X given by 
{
x E V, y E E and x is incident to y or 
x~y<=> 
x=y 
(x, y EX). 
Sometimes we need the freedom to change the orientation of edges. In this case we 
adjoin to E = E+ a set E- = {e- 1 J e E £}in one-to-one correspondence with E and put 
o(e- 1) = t(e) and t(e- 1) = o(e). This allows us to define paths in X and to speak of 
connected graphs, trees, etc. An orientation of X consists of a choice of exactly one 
edge in each pair {e, e- 1}. With these conventions we can now introduce our main 
object of study. 
By an order graph % = (n(-), X) we mean a connected graph X together with 
functions V(X)-~ and E(X)-~ denoted by v>-+n(v) and e>-+n(e), respectively, 
such that for any edge e the label n(e) divides both n(o(e)) and n(t(e)). Whenever it is 
convenient, we define n(e- 1) = n(e) for e E E(X). An even shorter way of rephrasing 
this definition is the following. An order graph % based on X is an isotone mapping 
from (X, ~) to (~. J)*, the dual of the positive integers with divisibility as the partial 
order. The order graph % is finite if X is a finite graph. With a finite order graph 
% = (n(- ), X) we associate a triangle ..1(%) = (V~(%))0,,.µ,,.A of rational numbers 
defined by 
( An/n(e)) A IleeE(X) µn/n(e) 
V µ(%) = An/n(v) ' 
IlveV(X) Cn/n(v) 
0~µ ~)., 
where n = n(%) denotes the least common multiple of the vertex orders n(v). 
As an example, denote by Xm a bouquet of m ~ 0 loops joined together at a 
common vertex v and Jet %m be the order graph based on Xm with n(v) = 1. Then we 
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have 
(
A.)m-1 
V!(Xm) = µ , 
i.e . .1(%m) = pm- 1, if we denote Pascal's triangle by P and define the product of two 
infinite triangles of numbers in the obvious way. Or put % = ~. Then 
2 3 
.l. = (6A)(2A)-l(3A)-I 
Vµ(%) 6µ 2µ 3µ ' 
which shows in particular that the entries of a triangle .1(%) are not, in general, 
integral. In fact, for this %, V~(%) is integral iff A.= 1 or A.= 5. More generally, a 
triangle .1(%) contains infinitely many non-integral entries if Xis a tree. Indeed, fix a 
prime p with p > n(%) and let A.= p "', µ = pf3, where 0 ~ f3 ~a. Then the exponent of 
pin V!(%) is given by 
(V!(X))p = (IE(X)l - IV(X)l)(a - {3), 
which is negative for a> {3, if Xis a tree. 
By definition, .1(%) is symmetric, V!(X) = VLµ(%), and satisfies the boundary 
condition V~(%) = 1, A.~ 0. In fact, the similarity of .1(%) with Pascal's triangle goes 
beyond this observation. Our aim here is to explore this analogy in two directions: 
(i) In Section 3 we show that 'most' of the triangles .1(%) have the unimodal property 
A.+1 
V!_ 1(%)<V!(%) for 0<µ<-2- and A.~2. (1) 
(ii) For Pascal's triangle the sum of the reciprocal values of the entries in the interior 
of a row converges to 0 as the number of the row goes to infinity; in fact, 
;.-1 (A.)-1 L ~4A.-1, 
µ=I µ 
In Section 4 we show how to discern, in terms of a single numerical invariant, which 
triangles .1(%) have the analogous property that A,,(%):= L!:\ (V!(X))- 1 goes to 0 as 
A.~ oo. Again, this turns out to be the case for 'most' order graphs%. We also consider 
the stronger property that the series L;.,. 1 A,,(%)= LA=I L!:\ (V!(X))- 1 converges. 
Finite order graphs and their associated triangles originally made their appearance in 
a recent investigation of an arithmetic function bG which counts the torsion-free 
subgroups of given finite index in a finitely generated (infinite) virtually free group G; 
cf. [2] or [3]. In fact, all the definitions in the present paper can be motivated via this 
group-theoretical background and, conversely, some of our main results in [3] 
concerning the growth behaviour and the asymptotics of the function ba depend on 
results of Section 4. We refer to [3] for a more detailed account of the connection 
between the concepts and results of this paper and results on the function ba. On the 
other hand, we believe the concepts and techniques which have evolved in this way to 
be of independent interest, and our treatment here is purely combinatorial. We hope 
to incorporate the present paper into a more systematic study of finite order graphs and 
some of their generalizations. 
2. THE TYPE OF A FINITE ORDER GRAPH 
We define the type t'(%) of a finite order graph % = (n(-), X) as the tuple (n; 
C1' ... ' c." ... ' Cn), where the CK = CK(%) are integers indexed by the divisors of 
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n = n(J'.'"), given by 
CK(%)= l{e E E(X)I n(e) I K}l - l{v E V(X)I n(v) I K}I. 
The rank µ(%) of % is introduced by the equation 
µ(%) = 1 + L <p(n/K)CK(J'.'"), 
Kin 
where <p is Euler's function. By an immediate calculation we have for 0 < µ ~). 
where 
V!(J'.'") = Il (A., µ)V!-1(%), 
n (A.,µ):= n ( n (A. - µ)n + k)~ .. 
Kin l"'k"'n (µ - l)n + k 
(n,k)=K 
Iterating (3) we obtain, for an arbitrary finite order graph% and 0 ~µ~A., 
" V!(J'.'") = fl Il (A., v) 
v=l 
( 
" (A. - v)n + k)~. 
=n n n . 
Kin v=l 1,,;;k,,;;n (v-l)n+k 
(n,k)=K 
which expresses ..1(%) in terms of the type -r(%) = (n; C1, ... , CK1 ••• , Cn)· 
We record two useful observations on the type of a finite order graph%. 
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(2) 
(3) 
(4) 
PROPOSITION 1. We have CK;;;,: 0 for K < n and Cn;;;,: -1, with equality occurring in the 
latter inequality iff Xis a tree. 
PROOF. Choose a maximal tree T and denote by (n; c;, ... ' c~ ... . ' C~) the type 
of the sub-order graph T ~%(i.e. I' with the induced order structure). By definition of 
the type we have C~ ~ CK for each K I n. Now consider T as a rooted tree with an 
arbitrarily chosen root v0 E V(T) and let OvoCT) denote the corresponding orientation 
of T; i.e. Ov0(T) is in one-to-one correspondence with the set V(T)\{ v0 } via 
ee~t(ee), e = ±1. For each K this bijection induces an embedding 
tK: {v E V(T) I n(v) I K} - {v0} ~ {ee E Ou0(T) I n(e) I K}, 
whence C~;;;,: -1 and consequently also CK;;;,: -1 for each K In. Consider the set 
C={KEZIK>O,Kln, CK=-1}. 
By what we have proved already, an element KE C satisfies C~ = -1, and from the 
embedding tK above we conclude that n(v0) I K, implying K = n since the root v0 was 
arbitrary. Thus Cc: {n }. Finally we have C~ = IE(T)l - IV(T)I = -1 and Cn = C~ iff 
X = T, which completes the proof. D 
The following observation, simple though it is, plays a role in the discussion of the 
growth behaviour of the function ba associated with a finitely generated virtually free 
group G, cf. [3, §3, Section 2). 
PROPOSITION 2. Let e1 E E(X) be an edge such that o(e 1) =I= t(e 1) and n(o(e 1)) =I= 
n(e 1) =I= n(t(e 1)). Then Cn(e,) > 0. 
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PROOF. Choose a maximal tree T ~ X containing the edge e1 , denote by v0 , v 1 
origin and terminus of e1 , respectively, and consider T as a rooted tree with root v 0 
and corresponding orientation Ov0(T). By our assumption we have, for the index 
K1 = n(e1), 
(i) 
(ii) 
(iii) 
n(vo) f K1 
n(v1) f K1 
n(e1) I K1. 
Under the bijection Ov0(T) ~ V(T)\{ v0 } the edge e1 is mapped to v 1 , so using (i)-(iii) 
the result follows from an inspection of the map LK, introduced in the proof of 
Proposition 1. D 
3. THE UNIMODAL PROPERTY OF .1(J:') 
In order to discuss the unimodal property (1) it will be convenient to partially 
normalize the finite order graph%= (n(-), X). 
Choose a maximal tree S ~ X and call an edge e E E(S) trivial if n(o(e)) = n(e) or 
n(t(e)) = n(e). If S contains a trivial edge e1, say n(e1) = n(t(e1)), then by contracting 
e1 into the vertex o(e1) we obtain a new order graph %' = (n'(-), X') with maximal 
tree S' ~ X'. Obviously, -r(%') = -r(J:') and, consequently, .1(%') = .1(%). We only 
have to check the divisibility property for edges e with e1 * e E stx(t(e1)), 
n'(e) = n(e) I n(t(e1)) = n(e1) I n(o(e1)) = n'(o(e1)). 
Proceeding in this way we obtain, after finitely many steps, a new finite order graph 
y = (m(- ), Y) and a maximal tree T ~ Y such that 
(i) 
(ii) 
(iii) 
-r(Y) = -r(%), 
.1(Y) = .1(%), 
m(o(e)) -:l=m(e) * m(t(e)) for each e E E(T). 
We call Y normalized with respect to the maximal tree T. 
THEOREM 1. Let % be a finite order graph. Then the triangle .1(%) = (V~(%))0,. 11 ,.,_ 
has the unimodal property (1) iff µ(%) > 0 and -r(%) * (n; 0, ... , 0). In particular, 
.1(%) satisfies (1) for each finite order graph% of rankµ(%)~ 2. 
PROOF. Assume µ(%) > 0 and -r(J:') * (n; 0, ... , 0) and suppose without loss of 
generality that g = (n(-), X) be normalized with respect to the maximal tree T ~ X. 
We have V~(J:') = Il (A, µ)V~_ 1 (%) for 0 <µ~A, where Il (A,µ) is given in (3). We 
denote by (n; C1, ... , CK, ... , Cn) the type of% and consider two cases. 
(i) IV(X)I = l. Denote by v 1 the sole vertex of X. We have n = n(v 1) and 
I { v I n ( v) I K} I = {)Kn for K I n. X must contain at least one edge, for otherwise 
µ(%) = 1+2:<p(n/K)CK=1- 2: cp(n/K)lJKn = 0. 
Kin Kin 
(i)1 X contains exactly one edge. In this case Cn = 0 and therefore CK ~ 0 for all K I n. 
CK~ 0 for K < n is obvious in case (i) but also follows from Proposition 1. The 
assumption -r(J:') * (n; 0, ... , 0) ensures the existence of an index K with K < n and 
CK> 0. 0 <µ<(A+ 1)/2 implies that each factor ((A - µ)n + k)/((µ - l)n + k) occur-
ring in Il (A.,µ) is >l, and we conclude that for 0< µ<(A.+ 1)/2 indeed Il (A.,µ)> 1. 
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(i)z X contains at least two edges. Now we have ?;., ~ 0 for K < n and Cn = IE(X)I - 1 > 
0. Assuming 0 <µ<(A.+ 1)/2 the conclusion Il (A.,µ)> 1 follows as in the case (i)1• 
(ii) IV(X)I > 1. E(T) *0 implies the existence of an edge e1 in X which meets the 
conditions of Proposition 2; hence ?;.,, > 0 where K 1 = n(e1) < n. Moreover, ?;., ~ 0 for 
K < n and Cn ~ -1 by Proposition l. For 0 <µ<(A.+ 1)/2 we have 
n (A,µ)~ n ( n (A- µ)n + k)~"((A- µ)n +Ki)'"'(().-µ+ l)n)-I. 
"'"""'•·n J"'k"'n (µ - l)n + k (µ - l)n +Kt µn 
(n,k)=K 
The first (possibly empty) product is ~l. The rest of the right-hand side can be written 
as 
(
()..- µ)n + K1 )~k,-i (A. - µ + l)n - (n - K1) µn . 
(µ - l)n + K 1 (A - µ + l)n µn - (n - K 1) 
CT (A.,µ)> 1 for 0 <µ<(A.+ 1)/2 now follows from ?;.,, > 0 and the fact that the 
sequence [(m - m0)/m ]m=i.z .... is strictly increasing for each fixed m0 E ~-
(1) being established in all cases, one implication of the claimed equivalence is now 
proved. Conversely, suppose that µ(%) = 0 or that µ(%) = 1 and r(.K) = (n; 0, ... , 0). 
In the first case we have C., = 0 for K < n and Cn = -1, and we conclude from (4) that 
()..)-) V~(%) = µ ' 
whereas in the second case V~(.K) = 1 identically. In both cases (1) is violated and the 
proof of the theorem is complete. D 
4. ESTIMATING SUMS OF RECIPROCAL VALUES 
For Pascal's triangle the sum of the reciprocal values of the entries in the interior of 
a row converges to 0 as the number of the row goes to infinity. The crucial point in the 
discussion of the asymptotic behaviour of the function be considered in [3) is whether 
or not the triangle L1(%) shares this property where % is canonically obtained from a 
decomposition of G in terms of a graph of groups. Therefore we ask for those finite 
order graphs% for which A.1.(%) =I:~:\ (V~(.K))- 1 -0 as A.- oo. We also consider the 
stronger property that the series L;.,.1 A.1.(%) = I:~=I I:~:\ (V~(.K))- 1 converges. 
We start by proving the following: 
THEOREM 2. Let % be a finite order graph. Then 
(
).)µ(%)-I 
V~(%)~ ' µ (5) 
PROOF. By the symmetry of the triangle L1(%) it suffices to prove (5) for 
O~ µ<(A.+ 1)/2. We claim: 
Given A, µ and n we have for each k, 1 ~ k ~ n, that 
Il (A. - v)n + k ~ ()..) 
v=1(v-l)n+k µ. (6) 
Indeed, for 1 ~ k, j ~ n and each v = 1, 2, ... , µthe inequality 
(A. - v)n + k (A. - v)n + j 
-----~----
( v - 1 )n + k ( v - 1 )n + j 
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is equivalent to 
() .. - 2v + l)n(j - k) ~ 0, 
and since A.> 2µ - 1;;:;,: 2v - 1, the latter inequality is equivalent to j ~ k. Therefore the 
assumption j ~ k implies 
µ (A. - v)n + k µ (A. - v)n + j n ~n . 
v=1(v-l)n+k v=1(v-l)n+j 
From this we conclude that, for 1 ~ k ~ n, 
µ (A. - v )n + k µ (A. - v )n + n (A.) n ;:;,:n = 
v=dv-l)n+k v=dv-l)n+n µ' 
and the claim (6) is proved. By Proposition 1 the type r(J'.") = (n; cl> ... ' CK •••• ' Cn) 
satisfies CK;;:;,: 0 for K < n. Applying this and the observation (6) to (4) we obtain 
V~(J'.") = n Il (Il (A.- v)n + k)t;. 
Kin l""k""n v=1(v-l)n+k 
(n,k)=K 
(n,k)=K 
= (~f(K)-1. 
From Theorem 2 it follows immediately that AJ.(%) converges to 0 ifµ(%);;:;,: 2. In fact, 
putting s = µ(%) - 1;;:;,: 1, we have, for A.;;:;,: 3, 
(A.)-s O~AJ.(%)~2A.-•+(A.-3) 2 
= 2A.-s +((A.- 3)A_-•C ~ 1 )-s (7) 
( A. 1)-1 ~ 2A. -s + (A. - 3)A. -s -2-
i.e. AJ.(%) = O(A.-•). Let us contrast this with the case µ(%) ~ 1. If µ(%) = 0 then 
AJ.(%) = 2J. - 2, whereas in the case µ(%) = 1 and r(J'.") = (n; 0, ... , 0) we have 
AJ.(%) =A. - 1. Thus we are left with the case µ(%) = 1 and r(J'.") =I= (n; 0, ... , 0). But 
then r(J'.") = (2k; 0, ... , 0, 1, -1). t Indeed, using Proposition 1 we conclude from our 
assumptions that Cn = -1 and that there exists an index Ko such that CKo = 1 and CK = 0 
for Ko =I= K < n. n = 2K0 then follows from the fact that the values of Euler's function 
satisfy ip(m) > 1form=I=1, 2. From (4) we obtain in this case 
O~µ~A.. 
Writing 
t Here and in the proof of Theorem 4 we observe the convention of ordering the ?;K in the natural way, ?;K 
before ?;K. <::> K..;; K', and of denoting the corresponding divisor K of ?;K by a subscript, if necessary. 
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the recursion 
( 2m) = 2(2m - 1) (2(m - 1)) m m m-1 
implies 
A. .i.- 1 " ( 1) ( 1 )-1 
A;.(%)= 2A - 1 ~I TI2 2 - -:; 2 - A - v + 1 ' 
from which we easily conclude, for example, that 
3A. ().-! 1 ) 
A;.(%);;:: 2(2A. -1) ~Iµ-~ 
;;:: !(1 + UJog2(A. - 1)]). 
In particular, we have proved the following: 
THEOREM 3. For a finite order graph% the following conditions are equivalent: 
(i) µ(%) ;;::2; 
(ii) Jim;. ..... "" A;.(%)= O; 
(iii) A;.(%) remains bounded. 
Finally, we consider the question when the series L;.;. 1 A;.(%) converges. 
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THEOREM 4. For a finite order graph % the series L;.,,. 1 A;.(%) converges iff 
µ(%);;::3. 
PROOF. From (7), the comparison test and Theorem 3 it is clear that the series 
L A;.(%) converges for µ(%) ;;:: 3 and diverges if µ(%) .:;; 1. So it remains to consider 
the case µ(%) = 2. By an argument similar to the one used in the proof of Theorem 3 
one shows that the type of an order graph % of rank µ(%) = 2 belongs to one of the 
following six classes: 
(i) (n;O, ... , 0, 1); 
(ii) (2k; 0, ... , 0, 1, O); 
(iii) (6k; 0, ... ' 0, lk, 0, ... '0, -1); 
(iv) (3k; 0, ... , 0, lb 0, ... , 0, -1); 
(v) (4k;O, ... , 0, lk, 0, ... , 0, -1); 
(vi) (2k; 0, ... , 0, 2, -1). 
It is now a matter of routine, using (4) to calculate the triangles ..:1 corresponding to 
these types -r (there is only one ..:1 for each class) and to find constants CT > 0 such that 
A;.;;:: CTA.- 1 for A;;:: 2, whence the theorem. D 
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